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Abstract 

This research announcement continues the study of the symplectic 
homology of Weinstein manifolds undertaken in [2] where the sym- 
plectic homology, as a vector space, was expressed in terms of the 
Legendrian homology algebra of the attaching spheres of critical han- 
dles. Here we express the product and BV-operator of symplectic 
homology in that context. 

1 Introduction 

Weinstein manifolds are symplectic counterparts of affine (Stein) complex 
manifolds. They are exact symplectic manifolds which admit symplectic 
handle decompositions with isotropic core disks. In particular the index 
of any handle is at most half of the dimension of the manifold. We refer 
the reader to [21 [151 [IH] for precise definitions. Middle dimensional handles 
are called critical and handles below middle dimension suhcritical. Given 
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a Weinstein manifold X, its symplectic homology SM.{X) is a symplectic 
invariant which was first defined by A. Floer and H. Hofer in [TT] . It vanishes 
if X is subcritical, see |3]. A general Weinstein manifold X is obtained by 
attaching critical handles to a subcritical manifold Xq along a collection A of 
Legendrian spheres in the contact manifold Yq which is the ideal boundary 
of Xq. In [2], SM.{X) was expressed in terms of the Legendrian homology 
algebra of A C Fq- 

Symplectic homology comes with TQFT-like operations which on the 
homology level are all expressed in terms of a (pair-of-pants) product and 
a BV-operator, see [HI [12] . In this paper we express the product and the 
BV-operator in terms of the Legendrian homology algebra of A and some 
additional operations on it. The BV-operator is determined by the algebra 
itself, whereas the expression of the product involves a duality operation 
which can be identified with the first term in the extension of Legendrian 
homology algebra to Legendrian rational symplectic field theory (SFT). 

The paper is organized as follows. In Section |2] we introduce algebraic 
constructions which we later apply to Legendrian homology algebras. In Sec- 
tion E] we express the Legendrian homology algebra results from [2] in the 
terminology of Section |2] and also include a discussion on the construction 
of a version of rational SFT in the Legendrian setting (completion of this 
construction is work in progress). In Section |4] we present the symplectic 
homology product and the BV-operator in terms of Legendrian homology 
algebra and a duality operator and in Section [S] we use the result to compute 
the symplectic homology, with product and BV-operator, of cotangent bun- 
dles of spheres. While proofs are mostly omitted, we note that the proofs of 
the algebraic results from Section [2] are fairly straightforward. 

The authors thank M. Abouzaid, S. Ganatra, E. Getzler, L. Ng, and 
P. Seidel for inspiring discussions. 

2 Algebraic preliminaries 

In this section we describe a number of constructions in a purely algebraic 
setting. The constructions will be applied in geometrically relevant situations 
in Sections [3] and HI 
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2.1 A tensor algebra and associated objects 

We associate to a differential graded algebra A over a field K a pair of dual A- 
modules and a corresponding tensor algebra. We also discuss cyclic versions 
of these objects, which are vector spaces over K. 

2.1. A The algebra A 

Let R be an algebra over a field K of characteristic generated by idempo- 
tents li, . . . , Im, where Ifcl; = S^ilk, where S^i is the Kronecker delta. We 
define a graded module V over R, which is generated by a countable set C 
decomposed as a disjoint union C = Ui<i j<m^u- "^^^ degree of an element 
a eV will be denoted by \a\. The decomposition of C induces a decomposi- 
tion V = ybj) ^ where y^*-?) is generated by Cij. When applied on the 

left, the element Ij, j = 1, . . . ,m, acts as the identity on and as the 
0-map on I ^ j. Similarly, when applied on the right, the element Ij 

acts as the identity on V^^^^ and as on V^''^\ I ^ j- 

We define an extension V of the module V as follows. The module V is 
generated hj C U X, where C = {c: c E C} and X = {xi, . . . ,Xm}, where 
\c\ = \c\ + 1, for c G C and \xj \ = 0, j = 1, . . . , m. We define 

V ■.= K{X)®V[1], 

where K{X) denotes the m-dimensional module freely generated by the set 
X and where V[l] denotes V with grading shifted up by 1. The module V 
inherits a decomposition V = ^ from V, where 

l<i,j<m 

\Kxj®V^^^^[l] ifi = j. 

Here the idempotents act as before on V ^ ^[1] as a subset of V, and as 
follows on the new generators: IjXi = SjiXj and Xilj = 6ijXj, I < i, j < m. 

We will use the following notation, li a E V then a denotes the element 
in C that corresponds to a. Furthermore, if F and G are either V 
or V and if {u, v) is an ordered pair of elements in F^*-'^ © (^(^=0 then (u, v) is 
composable if j = k. 

Let 

A:= R®V ®Vr' ® ... (2.1) 
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be the tensor algebra over R generated by V with its natural grading. Then 
A is generated additively by composable monomials w = Ci . . . Ck, Cj & V , j = 
1, . . . ,k, where we say that w is composable provided {cj, Cj+i) is composable 
for 1 < j < k — 1. (Here, as often in the following, we will suppress the 
tensor sign in the notation for tensor products). The decomposition of V 
induces a corresponding decomposition oi A, A = 0i<j j<m^*^*-'\ where A^^^^ 
is generated by composable monomials Ci . . . with ci G V^^^^ for some 
s G {1, . . . , m} and G V^^^^ for some t G {1, . . . , m}. 

We will assume that the algebra A has a differential d: A ^ A of degree 
— 1 which leaves the subspaces A^'^^\ i,j G {1, . . . ,m} invariant (i.e., = 0, 
d satisfies the Leibniz rule, and d{A^^^^) C A^'^^^). We will usually write H{A) 
for the homology algebra -ff*(A, d). 



2.1.B The A-module M and the Ji-complex M'^^'^ 

Define 

M = M(A) := A(g)V^A. (2.2) 

R R 

Then M is a graded left-right module over the differential graded algebra A 
which is additively generated by composable monomials w = Ci . . . c^ufi . . . fi, 
where Ci E C, i = 1, . . . , k, u ^ C U X , and /j G C, j = 1, . . . , /. We say that 
a composable monomial w is cyclically composable if the pair (/;, ci) is com- 
posable. Let Af^'^^s c M be the submodule generated (over K) by cyclically 
composable monomials and define M'^^'^ as the quotient space of M'^^^^ in 
which monomials which differ by graded cyclic permutation are identified. 
If w G M*^'^^ then we write |w] for its equivalence class in M"^^"^, i.e. if 
71 : M'^'^'s M'^y'^ denotes the natural projection then |m;J := 7r(w) G M^^^. 

The differential d: A ^ A induces a differential c^m : M — )■ M as follows. 
If Wiu W2 G M, u E V, and Wi,W2 G A, then 

dM{wiuw2) := (ciu;i)uu;2 + (-l)'"'''M;i(rfM?^)M;2 + (-l)''"'"'M;iu(rfu;2). (2.3) 
Here 

axj — x,a + S'((ia) if m = a, a E V^^^\ , 

(2.4) 

if M = Xj, j G {1, . . . , m}, 

where the i?-module homomorphism S : A M is defined by 
S'(ai ... Ofc) = 010203 ... afc + (-I)l"^laia2a3 . . . Ofc 

+ ... + {-iy"^-'^aia2...ak-iak, (2.5) 
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and S{lj) = 0, for j = 1, . . . , m. 

Lemma 2.1. The map dnj'- M ^ M is a differential (i.e. d^j = 0) which 
leaves M'^^''^^ invariant and descends to a differential M^^^ — > M^^^^, still 
denoted dM, in such a way that the natural projection it: {M^^^^^dM) 
(M'^^'^, c^Af) is a chain map. 

We write H{M) and H{M'^^'^), respectively, for the homologies H^{M, dM) 
and H^{M''y'',dM)- Note that H{M) is a left-right module over H{A), while 
H{M^^^) is just a /T-vector space. 

Remark 2.2. We can write 



(i.e. 'M'^^'^ is the submodule of M'^^'^ generated by X and "M^^^ its com- 
plement). Let p: M^^^ — )■ "M'^^^ be the projection and let "dM'^y^ := p o 
(ciM^^yO l"M':y<=- The second summand "M^^^ can be viewed as a non- commutative 
version of the "Lie algebra of vector fields" on the space V. Indeed, we can 
identify the cyclic monomial IwuJ G M'^^'^, w & A, u & V, with the vec- 
tor field w The differential "dM'^y: can be naturally viewed as a vector 
field on V, and hence an element of "M'^^^, given by ^cgc*^^^- -^^^ 
X G "M^y^ its differential "dj^X is just the Lie bracket ['dMiX] of vector 
fields, or equivalently the Lie derivative L/y^^^X. 

This interpretation corresponds to the "satellite philosophy" from [9]. 
Another interpretation was pointed out to the authors by M. Abouzaid: 
if(M^^^) is isomorphic to the Hochschild homology HH^,{A., A). 

2.1.C The extended tensor algebra U and the space f/^*^' 

Recall that the module V is generated over i2 by a set C and that the module 
M is generated over A as a left-right module by C U A", where C = {c: c & C} 
and X = {xi, . . . , Xm}- Let V* denote the K-vector space dual to V. Then V* 
is the direct product of the 1-dimensional /C- vector spaces which are generated 
by elements of C* U X*, where C* = {c*: c G C} and X* = {x*: Xj G X}. 
Furthermore, we have 




V* 



V*^'^\ where ;= 
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In V*, the idempotent Ij, j = 1, . . . ,m, acts from the left as the identity on 
y*{J^) ag g on \/*('*), / 7^ j, and acts from the right as the identity on 
and as on V*^'^\ I ^ ]. Fix an integer > 2 (it will correspond to 
half the dimension of the Liouville domain Xq in Section [3]). We endow V* 
with a grading defined as follows: 

3 - |c|, for cG C, (2.6) 
3, for j = 1, . . . , m. (2.7) 

Define 

M*:=A®V*®A. (2.8) 

R R 

We define the tensor algebra 

UiO,0):=^^^^iM(BM*)f. (2.9) 

as a certain completion of the free associative algebra generated by C U C U 
C* U A" U X*. Its elements are infinite series in the (C* U A'*)-variables with 
polynomial coefficients in the (C U C U A')-variables (compare to the above 
definitions of M as an infinite sum and M* as an infinite product). For 
simplicity of notation and since all completions we consider below are of the 
same type as that of f l2.9p . we will, as in that equation, suppress completions 
from notation and use the direct sum symbol in decompositions. Consider 
the extension UofU (0, 0) obtained by adding multiplicative generators h, 
and a,a~^ of degrees 

|a| = 1, |a-^| = -l, \h\ = n-3, \h-^\ = -{n-3) 

which satisfy the following relations: 

aa-^ = a-^a = 1, hh-^ = fT^h =1, ah= {-lY'^ha, 

and 

l)l"ln(T, n G C; 
l)l"l+inf7, ueCUXUC*UX\ 

l)l"l("-3)n/i, ueCUXUC] 

^)(|«|+n-3)(n-3)^;^^ U G C* U X* . 



c \ = n — 
x*\ = n — 
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The algebra U can be decomposed according to tensor type: U = 0^ f/^, 
where f/^ C f/ is the i^-subspace generated by monomials with q factors 
from M and p from M*. We decompose further: = ®shiziU^{.s,h), 
where U^{s,h) C is the subspace spanned by all monomials of total a- 
degree s and total ^-degree h. In particular, C/q(0, 0) = A, ?7°(0,0) = M, 
and U^{0,0) = M*. We also write Up := ©,>o f/g^ U+ := ©p>o 
f^. ^= ©p>o U,{s, h) := ©^>o f^.n^' and t/^'^, h) := ©^^^ f^.^^, /^)- 

For X E UP{s,h), let 

st{X) := p + h and jp(X) := p + g + s. 

In analogy with the definition of M*^"^^ in Section l2.1.Bt we define W^^^^. 
Further, define t/^^^ as the quotient of U'^^'^^ obtained by dividing by the 
following graded cyclic permutation inle: if ai, . . . , afc G CUCUXUC*UX* and 
if ai . . . Ofc G U'^'"'^ then 02 . . . afcfli G t/'^'^s, and we identify Oi . . . G ^7'^'''^ 
with 616263 02 • • • flfcOi G f/'^'^^s, where 



if ai gCU{/1, n-i}, 
a ai ecu X UC* U X* U {a, a-^}, 

if ai gCUCUA'U{(T,ct-1}, 

if ai eC*ux*u{h, h-^}. 

We will often think of cyclic monomials as written on a circle with the 
first letter at 1 G 5^. This allows us to speak about generators in a cyclic 
monomial as ordered in the (counter) clockwise direction staring from some 
fixed generator in the monomial. In this language, the above permutations 
correspond to rotations of the circle. 

The vector space [/'^^'^ inherits the decomposition by tensor type: 

^^'^ = ®iu'j'' =00 iup{s,h)y'\ 

p,q>0 p,q>Os,heZ 

If the monomials X and X' differ by a graded cyclic permutation, i.e. if |X] = 
|X'], then, for z G {a,a-\h,h-^}, {Xzj = {X'zj and {zXj = {zX'}. We 
thus define zfXj := {zXj and {Xjz := {XzJ, and note that this definition 
does not depend on choice of representative X. 



= (_l)kilk2...afc|^ 

1 

(^_iyp(«2---afe) 



£2 



£3 



(^_X^st(a2...afc) 
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A monomial X G {U^{s, h)Y^^ is balanced ii h = —1 and p — q — s = 0. 
The subspace of U'^^'^ generated by balanced monomials will be denoted by 
U^^\ It contains balanced versions M'^^' and (M*)^""' of M^^^ and (M*)'^', 
respectively. More precisely, 



2.1.D The operator S : U^^^ U^^^ 

Consider a monomial X G {U^{s, h)Y^'^ and fix a factor c G C in X. Then 
X = iX'^cX'^j for monomials X^, X'^ G f/. Define 

c 

where the sum is taken over all factors c G C in X. It is straightfor- 
ward to check that this gives a well defined operation and by definition 
5(f/^^') C f/^^'. In particular, if X = |ci . . . c^a*] G (f/o^O, 0))'^' then 
S{X) G (f/°(-l,0))'^' satisfies 

cS(ci . . . c^a*) = o-"^ ^(-l)l'^i-^^-ilci . . . Cj_iCjCj+i . . . Cma* 

= a~^S{ci . ..Cm)a*, 
where S is the operator A ^ M defined in f l2.5p above. Furthermore, 

5 (ci . . . c^a ) = kla ^ (-1)'=' ci . . . c^, . . . c^^ . . . c^a • 

ji<---<jk 

2.1.E Symmetry breaking and contraction operations 

We next effectively break the cyclic symmetry of U^^^. An excited monomial 
is a cyclic monomial X G U^'^^ with one of its factors from CU C* U X U X* 
distinguished. We call the distinguished factor of an excited monomial X the 
excited generator of X. The /T- vector space generated by excited monomials 
from U^^^ will be denoted by U'^'^^ Note that U'''^^ inherits decompositions 
from t/'^'^i, U^'^' = 0p,g(UP)''^\ etc. We set (Uj])^^' = 0. Define the excitation 
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operator £ : t/^^' — )■ U^'^^ to be the linear map which maps a monomial X 
the sum of all its excitations. 

Note that U^'^^ contain excited versions M*^^' = (U?)^''^ and (M*)^^' = 
(Ug)'^^' of M^'^^ and {M*)^^\ respectively, which are isomorphic to their non- 
excited counterparts. (In the context of U^*^' we think of M^^^ and [M*)^^^ 
as generated by monomials in (Ui)^^^ and (U^)^^^ without excited generator.) 

We will use the following notation to identify excited generators in mono- 
mials: we underline the excited generator in a monomial in U^^^ and write 
e.g. X, X* c, and c*. 

We next define a product on U*^*^'. Consider two excited cyclic monomials 
X,Y e U''^'. Fix a factor u e C* U X* from X and a factor v e CU X from 
Y. Write X = eilX'^uJ and Y = e2lvY^J, where ei is the sign which arises 
from cyclically rotating X so that u is its last factor and where £2 is the sign 
which arises from cyclically rotating Y so that v is its first factor. Define the 
contraction operation i^: U^'^' ® U*^^' — > U'^^\ 

X^Y:=J2^i^2u{v)lX'Xl (2.10) 

{u,v) 

where the sum is taken over all pairs (m, v) of factors m G C* U X* from X 
and V & CU X from Y, and where 

' h if exactly one of u and v is excited, u = v*, and v ^ X , 



u{y) = < 



1)" h if u = X* and v = Xj, for some j = 1, 



h ii u = X* and v = x •, for some j = 1, . . . , m. 



otherwise. 



If y G (Uj)^^' and X G U'^'^^ then we define, for j = 1, . . . , g, the partial 

contraction XicY a.s follows: 

j 

X^Y:=J2^i^2uiv,)lX'X,l 

u 

where the sum is taken over all u G C* U X* from X and where vj is the j^^ 
factor from C U X in Y counting counter- clockwise from the unique factor 
from C* U X*. Similarly, if X G (U?)^^^ and Y G U^^' then we define, for 

i = 1, . . . ,p the partial contraction X-kY: 

XlY:=Y,^i^2U^iv)lX'^yX 
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where the sum is taken over all w G C U A" from Y and where Ui is the i-th 
factor from C* U X* in X counting clockwise from the unique factor from 
CUX. 

Remark 2.3. Let X,Y e V^''^ then X * F G U^'^^ Further if X G (Uj)^''^ 

then G U^^', and if F G (U?)^^^ then Xlv e U^^'. 

j 

Define the bracket or commutator [ , ] : U*^^' (8> U^^' — )■ U'^'^^ as 

[x,r] = x*F- (-i)i^ii^ir^x. (2.11) 

Lemma 2.4. The bracket satisfies the graded Jacobi identity: 

(-1)I^II^I[X, [Y, Z]] + (-1)I^II^I[Z, [X,F]] + (-1)I^II^I[F, [Z,X]] = 0. 
Let 

tM^''^ = M^'^^ © M^'^^ and (rM*)^''' = (M*)^^' © (M*)^^' . 

We associate with X G (Uf)'^'^^ a multi-linear operation X-*-; (rM'^'^^) — >■ 
rM^^' defined by 

x^(A © ■ ■ ■ ® Ap) = (^...(^(^xiAi^iA2^i..^iAp. (2.12) 

Note that if Ai, . . . , G M*"^' then X^{Ai © ■ ■ ■ ©Ap) G M""^', that if exactly 
one of the arguments lies in M^'^^ then the image lies in M^^^, and that the 
operation vanishes on p-tuples with more than component in M^^^. 

Similarly, Y G (U^)'^'^^ defines a multi-linear operation Y^ : ^(rM*)^^'^ 

(rM*)^"\ 

y^(5i©---©fij = fig^(^...^(^fi2^(5i^F)) , (2.13) 

if5i,...,5q G (M*)^^' then y^(5i©- ■ -©5,) G (M*)^^\ if exactly one of the 
arguments lies in (M*)^^^ then the image lies in (M*)'^'*', and the operation 
vanishes on g-tuples with more than one component in (M*)^*^'. 

In the special case g = 2, we associate with Y G (Uj) ^ two more opera- 
tions, 

Y^^: (rM*)^^' © rM^^i ^ rM^^' (2.14) 
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and 

yit . ^yih^i ^ (t-m*)^''^ © tM^'-\ (2.15) 

where 

Y^^{X, Z) = (^Xi<Y^ i< Z, X e (rM*)^^^ , Z e tM'°''\ 
Y^^{Z, X) = (^Xi<Y^ i< Z, Z e rM^^', X e (rM*)^^' . 

Similarly, X e (U^)^^' induces an operation X'^: tM^^^ {tM*)^^\ 

X'^(Y)=X^Y. (2.16) 
We observe that X'\M^^^) C (M*)^^^ and ^^(M'^^') C (M*)''^\ 

2.1.F The Hamiltonian 

We define special elements G U'^'*' which derive from the differential on 
A and which, in the spirit of SFT, see [H], are called Hamiltonians. 

Definition 2.5. 

m 

hi := ih\y + ihir 

m 

hi ■■= ^s{h\y + s{hi)" + (-i)"-v-i 

/ii := ^S'^-^hi for g > 2, 
^ g! 

Hl:=£{hl), H' = J2hI. 

We use the Hamiltonian Hi to define a differential on t\J^^^ := U^^^ © 
M^""^ © (M*)^*"^. First define the exterior differential d: rU*'''' rlJ^''^ as 
follows. Consider the map d: U U which acts as the algebra differential 
d: A ^ A on generators of U from A, which maps all other generators to 0, 
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and which satisfies the graded Leibniz rule. Then d preserves f/*^'^^, descends 
to U'^^'^ where it preserves U^'^^. It then induces a map d: t\J^^^ — )■ tU^'^^ 
as follows. The map is already determined on M^^^ © (M*)^*^' and if {uXj 
is a monomial in IJ^^\ where u e CUXUCUC*UX* then d{luXj) = 
(— l)'"'|M((iX)]. Then d^ = and we observe that satisfies the following 
master equation 

dH^ + i< = 0. (2.17) 

Since \H^\ = -1, H^i^H^ = ^[H^,H^] and (I^TT]) can be rewritten in Maurer- 
Cartan form: 

dH^ + ^[H\H^] = 0. (2.18) 

Decomposing = J2q>i^q' (12.171) is equivalent to the following se- 
quence of identities for the (Ug)^^^-components of -k H^: 

q k 

dHl + J2Y.^U+i^^'^ = ^^ g = 1,2,3,... (2.19) 

k=i j=i ^ 

The first identity in this sequence is 

dHl + Hi Hi = 0, (2.20) 

Definition 2.6. Define the differential du: rV^^^ rU^^', 

duX := dX + [Hl,X]. 

(Note that fl2:20D is equivalent to d^ = 0.) 

The differential interacts with the bracket in the following way. 

Lemma 2.7. For X,Y e tIJ^''\ 

du{[X,Y]) = [duX,Y] + (-1)1^1 

In particular, the operation [,] descends to the homology H {tXJ^'^^ , du) ■ 

We observe that du leaves M^^\ M*^'^', (M*)^''\ and (M*)""^' invariant. 
For simple notation we write drM for the restriction of du to any one of these 
subspaces. Consider the isomorphisms /3: M'^^'^ — M^^^ and /3: M^^^ — )• 

\ = Xh-^a-^ and (3 = £ o (3, respectively. (2.21) 



12 



Lemma 2.8. The maps (3: {M^^^.dM) {M^^\d^M) and P_: {M^^^^dM) 
(^M^^\ dru) ore chain isomorphisms. 

The following result is a consequence of Lemma 12 .71 

Corollary 2.9. If X E U^*^^ satisfies duX = and has the correct tensorial 
type to define one of the operations f l2.12p - fl2.16p . see Section \2.1.E\ then 
this operation is a chain map. If furthermore X = duY for some Y G u^ai 
then the operation is chain homotopic to 0. 

2.2 Products 

We introduce product operations on M^^' and (M*)'^'^\ 
2. 2. A The product on i/((M*)^''^) 

Recall the operation {H^^ : (rM*)''''^ ® (rM*)^^' (rM*)^^' defined by the 



see f l27[3|) . Define X oY := (-1)1^1 (H^y (X, Y). Then (M*)^^' o (M*)^^' C 



Proposition 2.10. The operation o: (M*) ®(M*) -> (M*) descends 
to an associative product on the homology i/((M*)'^^' , rf^A/) which satisfies 
the following graded commutativity relation for the grading shifted by 1 : 



XoF = (-l)(l^l+i)(l^l+i)FoX. 
The homology class of the cycle E := (-1)""^ ELi ^ (M*)^''' is the 



unit for this product on iJ((M*) In fact, E is a unit for o already on the 
chain level, before passing to homology. 

Consider the second and third identities satisfied by the Hamiltonian H^: 



formula 




(M*) 



bal 



dH', + [HlH',] = 0, 

dHl + [HlHl]+ Hl^^Hl + Hl^^Hl = 0. 



(2.22) 
(2.23) 
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Here flT^ is the chain map equation for {H^y : (M*)''''^ ® (M*)''''^ 
(M*)*^^', and fl2.23p shows that this product is associative on the homology 
level. Indeed, 

{XoY)oZ = {-iy^^+^Zi.{{Yi<{X^H^))i.H^) 
= Xo{YoZ). 

The unit property can be checked directly if one observes that the sum G of 
all terms in H2 with excited generator from C* U X* and which contain at 
least one Xj-factor, j = 1, . . . , m is 

Hence, taking into account that \E\ = 1 we have for any Y E (M*)'^'^' 



Y 



To verify the commutativity relation, let X be a (ijv/-cycle in M^*^'. Apply- 
ing the 5-operator to the equation dX + [Hi, X] = gives du{SX) = Xi< H]^ 
and thus, on the level of homology, X -k H\ + X -k = and we calculate 



X oY = {-iy^\Yk{Xi.H^) = {-iy^\^'Yk{XkH^) 



2.2.B The product on H{M 

If there exists an element 



1 

1 

bal\ 



p>2 p>2 
14 



bal 



such that H = + H' = ^p>i satisfies the master equation 
dH + H H = dH + -[H, H] = 0, 



(2.24) 



then we say that H' is compatible with and we call H = + H' the 
full (rational) Hamiltonian. As we shall see later, when A is a Legendrian 
homology algebra then we can always find H' compatible with using 
a relative SFT formalism associated with parallel copies of the Legendrian 
sub manifold in the spirit of [5]. 

Assume now that and in particular Hq^ which satisfies (12.241) exists 
and is given. Then we define the operation □ : rM^^^ ® rM^^^ — )• rM^^', 



rbal 



Note that if X, F G M^^' C rM^^^ then X □ F G M 
Theorem 2.11. 

1. The operation M^*^' (g) M'^'^' — )■ M'^'^' descends to an operation on the 
homology iJ(M^'^\ dru) where it can he expressed by the following three 
equivalent expressions: 

XBY = -[H^,^^H^y{X,Y) = (-1)1^1 {Hiy [{H^,f {X),y) 
Equivalently, the following diagram commutes on the homology level, 



M 



bal 




bal 



where 



{H',)HX,Y) := {-ir\{HmX,Y), 
{H^f\Y,X) := (-l)l^ll^l+l^l+i(/72')^^(>^,^), 



for X e (M*)^^^ andY eM 



rbal 
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Figure 1: A graphical proof of associativity. A tree with p upwards and 
q downwards 1-valent vertices represents H^. The dot represents the 
operator. Equations (I) and (II) are consequences of dH + H -k H = (terms 
from dH are not shown in the figures). 

2. The operation □ is associative and graded commutative on homology, 
I.e. zf X,Y e H{M^''^) then X BY = {-ly^^^^^Y B X. 

The above result is a consequence of the master equation (I2.24p which in 
particular implies the identities 

dH^ + [Hi Hi] = dHl + Hi ^ Hi = 0, (2.25) 
dH', + [Hi Hi] + Hi ^ Hi + Hi ^ Hi = 0. (2.26) 

A straightforward calculation shows that du^Hl-k H^) = (duHl) H^ — 
Hli.{duHl). By (K2^ . duHl = 0, by (|2:22|) . duHl = 0, and therefore 

Hl-kHl is a cycle in (U^)^^\ Similarly, —Hl^Hl is a cycle and (12.261) 

implies that their homology classes coincide. This shows that the product 
descends to homology and implies the first equation of part 1 of the theorem. 
The alternative expressions for □ in part 1 are immediate from the definitions 
of the operations {Hlf, {Hlf \ and {Hlfl 

To verify the commutativity we observe that given a cycle X G M^^\ 
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using the homological identity {Hl-kX) -kH^ = — (ifg ^-^^2' calculate 
XBY = iiH^i.H',)lx)^Y = i-l)\''\i{H^^X)i.H',)^Y 

Finally, the proof of associativity is pictorially illustrated on Figure [TJ 

The products □ on M^*^' and o on (M*)^^' are related via the chain map 
{H^f : M'^'^' ^ (M*)^^' in the following way. 

Proposition 2.12. The map induced by (-f^o)^ on homology is a homomor- 

phism of rings $: (if(M^'''), □) (^H {(M*)^''^) , . Moreover, if there is a 

unit e for □ on H{M^^^), i.e. e □ X = X □ e, /or all X G HiM^"^), then $ 
is injective. 

Indeed, if X, F G M''''^ then, taking into account that |$(X)| = |X| - 1, 
we calculate 

$(X)o$(F) = (-l)IW(^2^y)^((^2^x)^i72') 
= H',^iiiY^H',)^^H',)^X) 

= (-l)Wl^lifo2^((K^if,i)iF)^X) 

= (-i)i^ii^i<i.(r □ X) = <i>(x □ Y). 

To verify the injectivity of $ we use one of equivalent definitions of □ from 
Theorem 12. IH part 1: 

X = X □ e = (-1)1^1+1 {HlY^ ($(X), e) , 

and hence, $(X) = implies X = 0. 

Using the isomorphism ^: M'^y^ -> M^'^^ ^(X) = £{Xa"^h~^) defined 
above we transport the product to M^^^. Given X, F G M'^^'^, we define 

XmY:=p-' {P{X) B PiY)) 

= (^{{H^^Hl)ls{X(r~^h-^))i.S{Ya~^h~^)^ ha 

= {-lY--^)\^\+\{H^^H^)is{X))^£{Y)a~'h~\ (2.27) 
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Note that the homomorphism (3 shifts the grading by 2 — n, and hence the 
commutation equation for □ translates to the equation 

XmY = (_i)(l^h"){l^h")y ^ X. 
Let us also point out that the degree of the product Kl is equal to —n. 

3 Legendrian algebra constructions 

In this section we first reformulate the main result relating Legendrian ho- 
mology algebra and symplectic homology [H Corollary 5.7] in the terminology 
of Section [21 and second give a brief sketch of the geometry that enters the 
construction of the full rational Hamiltonian in the framework of Legendrian 
SFT with focus on the parts of it that enter the expression of the product. 

3.1 The complex L//^°(A) expressed as M^^^^ 

Let (Xq, A) be a Liouville domain with contact boundary (Yq, ker(A)) and let 
A = Ai U . . . A^ C Iq be a union of Legendrian spheres. Let C be the set of 
Reeb chords of A and consider the decomposition C = Ui<i j<m^u' where a 
chord in Cij starts on Aj and ends on Aj. Let V be the graded module K{C) 
generated by the set C with decomposition V = ©i<jj<m 

yfo)^ where V^'^^ 

is generated by Cij. Then the Legendrian homology algebra LHA{A) is the 
tensor algebra A associated to V as in ( 12. ip and the differential (Ilha gives 
a differential graded algebra {A,d) := {LHA{A),dLHA), see [21 Section 4.1]. 
Let M = M{A) be the chain complex defined in (12. 2p . The following result 
is a consequence of [21 Remark 7.4]. 

Lemma 3.1. The chain complex M'^^'^ is canonically isomorphic to the chain 
complex LH^°{A) defined in /H Section 4-5]. 

In [21 Corollary 5.7] it was shown that if SII{Xq) = (e.g. if Xq is a 
subcritical Weinstein manifold) and if X is obtained from Xq by attaching 
Lagrangian n-handles along A, then there is a quasi-isomorphism 

$ : SH{X) LH^°{A) = M^^^ = M^'^^ (3.1) 
where SH{X) denotes a chain complex with homology equal to S'H(X). 
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3.2 Legendrian rational SFT 

The differential in the Legendrian algebra A = LHA{A) is defined by count- 
ing elements of moduli spaces of rigid holomorphic disks in M x with 
boundary on M x A, and with exactly one positive and several negative 
punctures, see e.g. [21 Section 4.1]. The formalism of Legendrian ratio- 
nal SFT comes from algebraic structures associated with holomorphic disks 
with an arbitrary number of positive and negative punctures. As is well 
known, in order to construct such a theory one needs to handle boundary 
cusp- degenerations of holomorphic disks. The problem of boundary cusp- 
degeneration can be solved by incorporating string topology operations into 
the SFT formalism. The corresponding theory has not yet been constructed 
in sufficient generality for it to be applicable in the setting of this paper. 
(See, however [13] for the case of 1-dimensional Legendrian knots in M^). 

However, the algebraic formalism described in Section |2] requires a dif- 
ferent version of the full rational Hamiltonian H, in the spirit of [5]. It 
arises naturally when one considers moduli spaces of holomorphic disks with 
boundaries on multiple parallel copies of M x A. 

Let us first consider the term H^. This is the only term besides H2 which 
is needed for defining the product on M^^^, see Figure [31 We recall here that 
Hi for any k > 1 is determined by the differential on the Legendrian algebra 
A. 

For each i = 1, . . . , m fix a point yi E Aj. Let Z = IU1W1U2W2I E (Uq)'^'^\ 
where Wj = . . . E A and Uj G C* U X* , j = 1, 2, be an excited cyclic 
monomial. We associate to it a moduli space M.{Z) = Jli'{Z) U Jli"{Z). 
Here the moduli space Ai'{Z) consists of holomorphic disks anchored in Xo, 
see [21 Section 2.2], 

/: {D,dD\z) ^{RxYo,Rx A), 

where 

is a set of cyclically ordered boundary punctures on dD, with the following 
properties: 

(ch~) at the puncture z^i, f is asymptotic to the chord at —00; 

(ch^) if Uj = c* E C* then at the puncture Zu. f is asymptotic to the chord 
c at +00; 
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(pt"*") if Uj = X* E X* then, / extends continuously over z^-, and f{zu ) G 
M X {y,}. 

The moduh space Ai"{Z) consists of holomorphic disks connected by 
Morse flow lines. To define it, choose auxiliary Morse functions 0j: Aj — )■ M, 
i = 1, . . . ,m, each with exactly two critical points. For (s, t) e {0, 1, . . . , ri}x 
{0, 1, . . . ,r2} define the auxiliary moduh space Ai(^s^t){Z) of pairs (/i, of 
holomorphic disks anchored in Xq, 

f,: {D,dD\z^)^{RxYo,RxA), a = 1,2, 

where 

zi = l^;^^, z^i,..., Zci , Ci, ^4+1, • • • , 242 } C dD, 

Z2 = \^Zu^, 2:4, . . . , 2:4 , C2, ^4+1, • • • , 2:42 ^ CdD 

are sets of cyclically ordered boundary punctures on dD, with the following 
properties. At z^^, f„ satisfies condition (ch"*") if G C* or condition (pt"*") 
if Uo- G X* . At Zj , fa satisfies condition (ch~). At the puncture Co-, o- = 1,2, 

i 

fa- extends continuously and the following condition holds: 

(mo) The points /i(Ci) and /2(C2) he in the same component Aj C A and 
there exists a trajectory of — V0j which starts at /i(Ci) and ends at 
f2{C2)i where 0^: Aj — )■ M is the auxiliary Morse function on Aj. Here 
the gradient is taken with respect to the metric induced by the sym- 
plectic form and the almost complex structure. 

Finally, define 

M'\Z) := U M^sMZ)- 

(s,t)e{0,...,ri}x{0,...,r2} 

Given n G C U C*, \et u = a ii u = a 01 u = a*. Define \xj\ = \x*\ = —1, 
j = 1, . . . ,m. Then we have the dimension formula 

dim(A^(Z)) = ImiI + IM2I — — \w2\ — {n — 3). 

In particular in terms of the grading on U , for the balanced monomial a'^tr^Z 
we have 

dmv{M{Z)) = -\a'^h-^Z\. 



20 



Define e (Ug) as £{hl), where 

hl=a'h-' J2 *M{Z)Z, (3.2) 

\a^h~^Z\ = ~l 

where the sum is taken over all balanced monomials a'^fr^Z which additively 
generate (Uq)^^^ and for which \a'^h~^Z\ = —1. Here ^Ai{Z) is the algebraic 
number of 1-dimensional components of the moduli space Ai{Z). As will be 
briefly discussed below, the above definition of Hq can generalized to more 
than two positive punctures and as a consequence we get the following result. 

Proposition 3.2. There exists an element H" G U^^\, with trivial component 
%n (U^)''^' © such that H' = Hi + H" complements to the full 

rational SFT Hamiltoman (i.e. if H = + + H" then dH + Hi,H = 0). 

Here the components G (U^)^^', p > 2, of the full rational Hamilto- 
nian H satisfies the relation = ^S''{hQ), Hq = ^h^Hq), and are defined 
through a construction which generalizes that used in the definition of 
above. These higher order components of the Hamiltonian are not needed 
for the definition of the product (but some of them are needed for proving 
its properties) and will not be defined in this paper. We give however a brief 
description: Hj^ is defined using moduli spaces M.{Z) of so-called generalized 
holomorphic disks. Generalized holomorphic disks are combined objects con- 
sisting of holomorphic disks with boundary on one copy of A connected by 
gradient flow trees associated to auxiliary Morse functions on A, an example 
is depicted in Figure [21 see [7] for similar considerations. The elements of 
the moduli space Ai"{Z) defined above are examples of generalized holomor- 
phic disks where the gradient flow tree consists of only one gradient trajec- 
tory. A more general configuration is shown in Figure |21 More precisely, if 
Z = u^WiU2W2 ■ ■ ■ UkWk is a monomial in U^(0, 0), where Ui G CUXUC*UX* 
and where Wi E A, i = 1, . . . , k, then we consider the moduli space A4{Z) of 
generalized holomorphic disks with asymptotic data according to Z, i.e. pos- 
itive punctures at Ui if G C* U X*, negative punctures at Uj if Uj E CU X, 
auxiliary negative punctures at the Reeb chords in the monomials Wj, and 
these punctures appearing along the boundary of the disk in the cyclic order 
given by Z. The dimension of Ai{Z) is given by 

m 

dim(A1(Z)) = (n-3)+ {\n^\-{n-3))- l^^l " E l^^l" 
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Figure 2: A generalized holomorphic disk in x with boundary on M x A. 



In particular for cr^ '^h E (U^) we have 

dim(A^(Z)) = -la^'-m-^Z 



and is defined as 

\uP-ih-^z\=~i 

where the sum ranges over all a^~'^fr^Z G (U^)*^^' with \a'P~'^h~^Z\ = —1. 

Remark 3.3. In this geometric context, the excitation operator S has the 
following meaning. Given a generalized holomorphic disk with boundary 
in the ordered union of (symplectizations of) parallel copies of a Legendrian 
manifold A we always insist that the boundary arcs of the disk between punc- 
tures corresponding to generators homCUC*UXUX* be mapped to different 
copies of A. We also require that when going around the boundary of the 
disk in the counter-clockwise direction we jump at every such puncture ex- 
cept one to a higher copy of A in terms of the natural ordering corresponding 
to the direction of the Reeb vector field. The unique puncture where we jump 
down corresponds to the excited generator of the monomial corresponding 
to the boundary punctures. Here the moduli spaces corresponding to differ- 
ent assignment of the distinguished "jump-down" punctures are canonically 
diffeomorphic, and the operator S just associates with this universal mo- 
duli space the moduli spaces corresponding to all possible assignments of the 
"jump-down" vertex. 
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Remark 3.4. The geometric motivation for the "gluing sign" in the equa- 
tions x*{xj) = {—l)"'~^h, j = 1, . . . , m is as follows. The algebraic variables 
Xj and X*, j = 1, . . . ,771 has two dual geometric meanings as follows: when 
X* is glued to Xp x* corresponds to a positive puncture at a short Reeb chord 
between copies of A at the minimum of the Morse function : A — M and 
Xj corresponds to a negative puncture at this chord, when x* is glued to Xj, 
X* corresponds to a negative puncture at the maximum of (p and Xj to a 
positive puncture at this maximum. In a coherent orientation scheme there 
is a sign difference (a factor (—1)""^) between the gluings at these two types 
of punctures. 

4 The product and the BV-operator via Leg- 
endrian algebra 

Let Xo, A C Fo, and X be as above. Let A = LHA{A) and M = M{A). 
Then (13. ip gives a quasi- isomorphism $: SH{X) M'^^'^ f» M'^'^'. In this 
section we present the operations on M'^^'^ which correspond to the product 
and the BV-operator on SH{X) under $. 

4.1 The product 

Let H G U^^^ be the full rational Hamiltonian determined by A C Yq, see 
(13. 2p . Then Proposition 13. 2l implies that satisfies (12.251) . Hence, according 
to Theorem EH] and (^^, there exists a product M: M"^" ® M^^^ M^^" 
of degree —7i which is associative and commutative on homology and which is 
defined by conjugating one of the following homotopically equivalent formulas 
for the product on M^^^ with /3: 

XHF = {Hl^^Hl)^{X,Y) ^ -{Hl^^HlY{X,Y) 

^ {-ir\{Hlfo{{Hlf\X)^Y) 

^ (_iyx||y|+|x|+|y| (^i^n ^ ^ ^^r^o ^^^j ^ ^^^^^ 

see Figure [31 

Theorem 4.1. If SW{Xq) = (e.g. if Xq is suhcritical) then, under the 
map on ho7nology induced by the quasi-isomorphis7n $: SH{X) — )■ M^^'^ , see 
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Figure 3: Holomorphic disks used in the expression of the product, A-', j = 
0,1,2 are parallel copies of A. The leftmost disk has three punctures at 
mixed (i.e. connecting different components) Reeb chords, one positive and 
two negative, and auxiliary negative punctures at pure (i.e. connecting a 
component to itself) chords which are not shown in the picture. The middle 
disk has two mixed positive punctures and auxiliary pure negative punctures, 
the latter again not shown. The rightmost picture shows how the disks are 
joined at a common mixed chord between and A^ to form the tensor, with 
inputs and output as indicated, which represents the product. 

(13. ip . the pair of pants product on SM{X) corresponds to the product Kl on 

H{M^y^). 

4.2 The BV-operator 

Let A = LHA{h) and consider the linear map A: M'^^'^ M'^^'^ of degree 1 
defined as follows on monomials \uvo\, u E CVJ X , w E A: 



Proposition 4.2. The map A is a chain map and if SM.{Xq) = then, 
under the map on homology induced by the quasi-isomorphism $: SH{X) — >■ 
M^y^ , see (13.11) . the BV-operator on SM.{X) corresponds to the operator A 
on //(M^y'^). 



In this section we compute the symplectic homology with product and BV- 
operator for cotangent bundles of spheres presented as the result of attaching 




5 Example: SH{T*S'') 
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Figure 4: The Legendrian unknot. 



a Lagrangian ra-handle to the Legendrian unknot in the boundary of the ball. 

Consider the Legendrian unknot in with coordinates {q,p,z) G 

X M"~^ X M and contact form dz—p-dq. Figure H] shows the projection of 
the Legendrian unknot A for n = 2 to the gp-plane. To define the Legendrian 
unknot of dimension n — 1 consider the 1-dimensional unknot A with Reeb 
chord over q = p = and symmetric with respect to the rotation by a half 
turn around the z axis. Include A into the gipiz-subspace of ]R^"~^ and take 
the (n— l)-dimensional unknot as the orbit of A under the action by 5*0(^—1) 
given by cr{q,p, z) = {a ■ q,a ■ p, z) for a G SO{n — 1). For simplicity, we let 
A denote the Legendrian unknot in M^"~^ for any n. 

Consider A C M^"~^ and include it into a Darboux chart in the boundary 
of the 2n-ball B^^. Then attaching a Lagrangian n-handle to along 
A gives a symplectic manifold which is symplectomorphic to the cotangent 
bundle T*S^ of the n-sphere. As explained in [2], in order to determine 
LHA{K) it suffices to study Reeb chords and holomorphic disks that are 
contained in the Darboux chart. The unknot A has only one Reeb chord 
which we denote a and \a\ = n — 1. 

The moduli space of holomorphic disks with positive puncture at a and 
a marked point on the boundary evaluates with degree ±1 to A. To see 
this, note that for n = 2, holomorphic disks that are rigid up to translation 
correspond to polygons with boundary on the knot diagram and with convex 
corners, where at positive punctures the boundary orientation goes from the 
lower to the upper strand and vice versa at negative punctures. There are 
thus two disks with evaluation maps that give a degree ±1 map since we use 
the null-cobordant spin structure on the circle to orient moduli spaces. For 
n > 2 we note that we may take the almost complex structure to be invariant 
with respect to the SO{n — 1) action and it follows that the moduli space of 
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holomorphic disks with positive puncture at a is diffeomorphic to 5*""^ x M 
and that, when equipped with a marked point on the boundary, it evaluates 
with degree ±1. 

The above description of moduh spaces imphes in particular that the 
differential d on A = LHA{A) = Q(a) is trivial, i. e., d = 0. Consequently, 
the differential on M*''^' satisfies 

dpiX = dX+ [Hi X] = [Hl,X], 

where 

Hi = {laxh-^a*j - lxah-^a*j) . (5.1) 

Thus H{M^''^) and H{M^^^) (recall the chain isomorphism ^: M'^" 
M'^'^\ see f l2.2ip ) are generated by the cycles listed in Tables [U and [2] when 
n — 1 is even and odd, respectively. 



H{yi^''^) 


degree 


HiM"^") 


degree 




-{n-2) 


M 







2k{n - 1) + 1 




(2A; + l)(n- 1) 




2k{n - 1) + 2 




(2A; + l)(n-l) + l 



Table 1: Homology of M^^' and M^^^ forn - 1 odd. A; = 0, 1, 2, ... . 



i7(M^^^) 


degree 


H{M^y^) 


degree 




-{n-2) 


M 







{k - l){n - 1) + 1 




k{n - 1) 




{k- l){n- l) + 2 




k{n - 1) + 1 



Table 2: Homology of M^^^ and M'^^'^ for n - 1 even, = 1, 2, . . . . 
In order to compute the product we need to determine H2 and Hq. Con- 
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sider first (see Definition I2.5p : 

hi = ^Sh\ + a-'^lxxh~^x*j 

= {laxh~^a*l + Ixah-^a*} + {-ly-^lxxh-^x*}) , (5.2) 

see Remark 15.21 for a discussion of the sign in this formula. 

Remark 5.1. In our description of h in terms of generahzed holomorphic 
disks, the disks which give rise to ( 15. 2p are degenerate. The first two terms 
comes from the trivial strip of a with an unconstrained Morse puncture lying 
in one of the two boundary components. The last term comes from the M- 
family of three-punctured constant disks lying in {y} x M with one puncture 
constrained to lie in {y} x M and remaining two punctures unconstrained. 

Next, consider h^. Since the evaluation map from the moduli space of 
holomorphic disks with positive puncture at a into A has degree ±1 there 
is algebraically ±1 disk which satisfies a point constraint at y G A and we 
conclude from the description of generalized holomorphic disks that 

hl = a^la*x*jh-\ (5.3) 

see Remark 15.21 for a discussion of the sign in this formula. 

Remark 5.2. Orientations of moduli spaces are fixed by orienting capping 
operators at Reeb chords, see [8] for details. The overall sign in (15. 2 p is 
independent of the choice of capping operator for a since variables associated 
to a appears quadratically in H2, the overall signs in (15. 2p changes with the 
orientation data at x, and the overall sign in (15. 3p changes, independently, 
with the orientations of capping operators at both x and a. It follows that 
we can choose any sign combination in the two equations and in particular 
the one under consideration. 

To compute Hq -k acting on M'^'^^ ® M'^'^^ we use the components of H\ 

in which the puncture at the second leg is excited. We will denote the sum 
of these by H\. The relevant parts of the Hamiltonian are thus, see (15. 3p 
and (15. 2p . (recall gradings: \a\ = n, \a*\ = n — 3 — n = —3, |x| = 0, and 

=77,-3) 

= (|a*n-^x*l - lx*h-^g*l) , 
Hi = cr-i ([M^V] + lxah-^a*j + {-l)''~^lxxh~^x*j) . 
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and we get 

H^i.Hl = -Hi ^ {laxh~^a*l + {xatr^a*} + {-ly-^lxxtT^x*}) a'^ 

= {lx*xtr^a*l + {-lYla*atr^a*l - |a*x/i"^x*]) 
= (y {-lx*xa*n-^l + {-lY-^la*aa*h-^l + |a*xx*r^]) 
= {-lxa*h~^x*l + (-l)"~Haa*rV] + Ixx*^-^!) . 

Using f lO) for the tensor of the product H{M^''^) ® H{M^''^) 
H(Js/l!°^^) then gives the following expression for the product, with 6 = 
h~^a^^: If n — 1 is odd then 

hp □ Ixp = 0, ixje □ Ixa^'^^^e = 0, [xa^^'+^p □ ha^^^^e = 0, 

[al^ □ Ixje = ixje, 

laa^^P □ Ixje = (xa^'^je = irf^A/laa^'^]^ ~ if A; > 0, 
laa^^^p □ Ixa^'^'p = {xa^^'^+'^^'je. 

and if n — 1 is even then for k,l > 

Ixa'^je □ (xa^je = 0, 
[aa^l^ □ (xa^je = (xa'^+^je, 

We conclude from this calculation that the commutative product Kl : M^^^^ 
]{fcyc _^ ]\{cyc corrcspouds to the pair of pants product on SM{T*S"') 

has unit represented by the class |a] G M^^^ and multiplication according to 
the above formulas after substituting 6 with 1 everywhere. 

To finish the example we determine also the operator A: H{M^^^) — )■ 
i7(M^y^) which corresponds to the BV-operator on SM.{T*S"'). If n — 1 is 
odd then 

A(Ixl) = 0, Ailaa^'l) = 0,k>0, A{lxa''^'}) = k > 0, 

and if n — 1 is even then 

Adx]) = 0, Ailaa'^-'j) = 0, A: > 1, A(M) = laa'-% k > 1. 
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